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Abstract 

We prove that there exists a positive integer z/„ depending only on n 
such that for every smooth projective n-fold of general type X defined over 
complex numbers, | mKx \ gives a birational rational map from X into 
a projective space for every m > !/„. This theorem gives an affirmative 
answer to Severi's conjecture. MSG: 14J40, 32J18. 
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1 Introduction 

Let X be a smooth projective variety and let Kx be the canonical bundle of X. 
X is said to be a general type, if there exists a positive integer m such that the 
pluricanonical system | mKx \ gives a birational (rational) embedding of X. 
The following problem is fundamental to study projective varieties of general 
type. 
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Problem Find a positive integer Vn depending only on n such that for every 
smooth projective n-fold X, \ mKx \ gives a birational rational map from X 
into a projective space for every m ^ z/„. □ 



If X is a projective curve of genus ^ 2, it is well known that | 3Kx \ gives 
a projective embedding. In the case that X is a smooth projective surface of 
general type, E. Bombieri showed that | 5Kx \ gives a birational rational map 
from X into a projective space (T). But for the case of dimX ^ 3, very little 
is known about the above problem. 

The main purpose of this article is to prove the following theorems in full 
generality. 

Theorem 1.1 There exists a positive integer z/„ which depends only on n such 
that for every smooth projective n-fold X of general type defined over complex 
numbers, \ mKx \ gives a birational rational map from X into a projective space 
for every m ^ i>n ■ O 

Theorem 1.1 is very much related to the theory of minimal models. It has 
been conjectured that for every nonuniruled smooth projective variety X, there 
exists a projective variety Xmin such that 

1. Xmin is birationally equivalent to X, 

2. Xmin has only Q-factorial terminal singularities, 

3. Kx^i„ is a nef Q-Cartier divisor. 

Xmin is called a minimal model of X. To construct a minimal model, the 
minimal model program (MMP) has been proposed (cf. |15[ p.96]). The minimal 
model program was completed in the case of 3- folds by S. Mori (^3). 

The proof of Theorem 1.1 can be very much simplified, if we assume the 
existence of minimal models for projective varieties of general type ( j34l ). The 
proof here is modeled after the proof under the existence of minimal models by 
using the theory of AZD originated by the author ( [5^1123 )• 

The major difficulty of the proof of Theorem 1.1 is to find "a (universal) 
lower bound" of the positivity of Kx- In fact Theorem 1.1 is equivalent to 
the following theorem. 

Theorem 1.2 There exists a positive number Cn which depends only onn such 
that for every smooth projective n-fold X of general type defined over complex 
numbers, 

li{X,Kx) •Ihi^™^^m-'^™^dimi/0(X,Ox(mXx)) ^ C„ 

holds. □ 

We note that /x(X, Kx) is equal to the intersection number K'^ for a minimal 
projective n-fold X of general type. In Theorems 1.1 and 1.2, the numbers f„ 
and Cn have not yet been computed effectively. 

The relation between Theorems 1.1 and 1.2 is as follows. Theorem 1.2 means 
that there exists a universal lower bound of the positivity of canonical bundle 
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of smooth projective variety of general type with a fixed dimension. On the 
other hand, for a smooth projective variety of general type X, let us consider 
the lower bound of m such that | mKx \ gives a birational embedding. Such 
a lower bound depends on the positivity of Kx on certain subvarieties which 
appear as the strata of the filtrations as in [SOmCcf. Section 3.1). 

The positivity of Kx on the subvarieites can be related to the positivity of the 
canonical bundles of the smooth models of the subvarieties via the subadjunction 
theorem due to Kawamata (^2). We note that for a smooth projective variety 
X of general type there exists a nonempty open subset Uq in countable Zariski 
topology such that for every x £ Uq, any subvariety containing x is of general 
type. 

The organization of the paper is as follows. In Section 2, we review the basic 
techniques to prove Theorems 1.1 and 1.2. 

In Section 3, we prove Theorems 1.1 and 1.2 without assuming the existence 
of minimal models for projective varieties of general type. Here we use the 
AZD (cf. Section 2.2) of Kx instead of minimal models. And we use the 
subadjunction theorem (Theorem I2.22|) and the positivity theorem (Theorem 
12.28(1 due to Kawamata. 

In Section 4, we discuss the application of Theorems 1.1 and 1.2 to Severi- 
litaka's conjecture. 

In this paper all the varieties are defined over C. 

This is the continuation of the paper [21] and is a transcription of the latter 
half of 'W . 

The author would like to express his sincere thanks to Professor Akira Fujiki 
who helped him to improve the exposition. 

2 Preliminaries 

In this section, we shall summerize the basic analyic tools to prove Theorems 
1.1 and 1.2 by transcripting the proof of Theorems 1.1 and 1.2 assuming MMP 



2.1 Multiplier ideal sheaves and singularities of divisors 

In this subsection, we shall review the relation between multiplier ideal sheaves 
and singularities of divisors. Throughout this subsection L will denote a holo- 
morphic line bundle on a complex manifold M. 

Definition 2.1 A singular hermitian metric h on L is given by 

h = e^''^ ■ ho, 

where ho is a C°° -hermitian metric on L and (p G L]^^{M) is an arbitrary 
function on M . We call ip the weight function of h with respect to hg. □ 

The curvature current of the singular hermitian line bundle (L, h) is defined 



where dd is taken in the sense of a current. The L^-shcaf {L, h) of the singular 
hermitian line bundle (L, h) is defined by 



(El). 



by 




C\L,h)(U) {a G V{U,Om{L)) \ h{a,<j) e LUU)}, 
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where U runs over the open subsets of M. In this case there exists an ideal 
sheaf I{h) such that 

C'^{L,h)=OM{L)®l{h) 
holds. We call I{h) the multiplier ideal sheaf of (L, h). If we write h as 

h = • ho, 

where ho is a C°° hermitian metric on L and <f G Ll^^{M) is the weight function, 
we see that 

Iih)=C\OM,e-'^) 
holds. For ip e Ljg^{M) we define the multiplier ideal sheaf of (f by 

I{ip) ■.= jC\OM,e-^). 



Example 2.2 Letm be a positive integer. Let a G r{X,Ox{mL)) be the global 

section. Then 

h = 1 ^ ^0 
■ (/i™(a,a))i/™ 

is a singular hemitian metric on L, where ho is an arbitrary C°° -hermitian 
metric on L (the righthand side is ovbiously independent of ho). The curvature 
Qh is given by 

m 

where (a) denotes the current of integration over the divisor of a. □ 

Definition 2.3 L is said to be pseudoeffective, if there exists a singular her- 
mitian metric h on L such that the curvature current @h is a closed positive 
current. 

Also a singular hermitian line bundle {L, h) is said to be pseudoeffective, if 
the curvature current Oh is a closed positive current. □ 

Let m be a positive integer and {cTj} a finite number of global holomorphic 
sections of mL. Let ^ be a C°°-function on M. Then 

h := 



Ei I <ri P/™ 

defines a singular hermitian metric on L. We call such a metric h a singular her- 
mitian metric on L with algebraic singularities. Singular hermitian metrics 
with algebraic singularities are particulary easy to handle, because its multiplier 
ideal sheaf of the metric can be controlled by taking a resolution of the base 
scheme r\i{ai). 

Let D = Y^aiDi be an effective Q-divisor on X. Let cfi be a section of 
Ox{Di) with divisor Di respectively. Then we define 

X{D) ■.= l(^ai\oghi{ai,(Ji)) 

i 

and call it the multiplier ideal sheaf of the divisor D, where hi denotes a C°°- 
hermitian metric of Ox{Di) respectively. It is clear that X(-D) is independent 
of the choice of the hermitian metrics {/li}. 

Let us consider the relation between T{D) and singularities of D. 
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Definition 2.4 Let X be a normal variety and D = diDi an effective Q- 
divisor such that Kx + D is Q-Cartier. If fi : Y — > X is a log resolution of 
the pair [X,D), i.e., fi is a composition of successive blowing ups with smooth 
centers such that Y is smooth and the support of f* D is a divisor with normal 
crossings, then we can write 

with F = '^j^jEj for the exceptional divisors {Ej}, where ^Jl^^D denotes the 
strict transform of D. We call F the discrepancy and Cj G Q the discrepancy 
coefficient for Ej. We regard —di as the discrepancy coefficient of Di. 

The pair {X, D) is said to have only Kawamata log terminal singulari- 
ties fKLTjfresp. log canonical singularities (XCjj, if di < \(resp. ^ I) for 
all i and ej > ~1 (resp. ^ — Ij for all j for a log resolution fi : Y — > X. One 
can also say that {X,D) is KLT (resp. LC), or Kx + D is KLT (resp. LC), 
when (X, D) has only KLT (resp. LC). The pair {X, D) is said to be KLT (resp. 
LC) at a point € X , if (U, D \ir) is KLT (resp. LC) for some neighbourhood 
U ofxo. □ 

The following proposition is a dictionary between algebraic geometry and the 
L^-method. 

Proposition 2.5 Let D be a divisor on a smooth projective variety X. Then 
{X,D) is KLT, if and only ifX{D) is trivial (— Ox )■ D 

The proof is trivial and left to the reader. To locate the co-support of the 
multiplier ideal the following notion is useful. 

Definition 2.6 A subvariety W of X is said to be a center of log canonical 
singularities for the pair [X,D), if there is a birational morphism from a 
normal variety ji : Y — > X and a prime divisor E on Y with the discrepancy 
coefficient e ^ — 1 such that ^{E) —W.\I\ 

The set of all the centers of log canonical singularities is denoted by CLC{X, D). 
For a point xq G X, we define CLC(X, xq, D) := {W G CLC{X, D) \ xq & W}. 
We quote the following proposition to introduce the notion of the minimal center 
of logcanoical singularities. 

Proposition 2.7 ('12, p.494, Proposition 1.5]) Let X be a normal variety and 
D an effective Cl-Cartier divisor such that Kx + D is Cl-Cartier. Assume that 
X IS KLT and \x,D) is LC. If Wi,W2 G CLC{X,D) and W an irreducible 
component of W\ n W2, then W G CLC{X, D). This implies that if {X, D) is 
LC but not KLT, then there exists the unique minimal element ofCLC{X,D). 
Also if (X, D) is LC but not KLT at a point Xq G X , then there exists the unique 
minimal element of CLC{X,xo,D). 

We call these minimal elements the minimal center of LC singularities 
of {X, D) and the minimal center of LC singularities of {X, D) at xq 

respectively. 
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2.2 Analytic Zariski decomposition 

To study a pseudoefFective line bundle we introduce the notion of analytic Zariski 
decompositions. By using analytic Zariski decompositions, we can handle a 
pseudoeffective line bundle, as if it were a nef line bundle. 

Definition 2.8 Let M be a compact complex manifold and let L be a line bundle 
on M . A singular hermitian metric h on L is said to he an analytic Zariski 
decomposition (ATiD in short), if the following s hold. 

1. Qh is a closed positive current, 

2. for every m ^ 0, the natural inclusion 

H^{M,OM{mL)®I{h"')) ^ H°{M,OM{mL)) 
is isomorphim. 

□ 

Remark 2.9 If an AZD exists on a line bundle L on a smooth projective variety 
M , L is pseudoeffective by the condition 1 above. □ 

Theorem 2.10 fJM. \^) Let L be a big line bundle on a smooth projective 
variety M . Then L has an AZD. □ 

As for the existence for general pseudoeffective line bundles, now we have the 
following theorem. 

Theorem 2.11 f^, Theorem 1.5]) Let X be a smooth projective variety and 
let L be a pseudoeffective line bundle on X . Then L has an AZD. □ 

Although the proof is in jH], we shall give a proof here, because we shall use it 
afterward. 

Let /lo be a fixed C°°-hermitian metric on L. Let E be the set of singular 
hermitian metric on L defined by 

E — {h] h : lowersemicontinuous singular hermitian metric on L, 

&h is positive, ^ > 1}. 

Since L is pseudoeffective, E is nonempty. We set 

hL ^ ho - inf 

heE ho 

where the infimum is taken pointwise. The supremum of a family of plurisubhar- 
monic functions uniformly bounded from above is known to be again plurisub- 
harmonic, if we modify the supremum on a set of measure 0(i.e., if we take the 
uppersemicontinuous envelope) by the following theorem of P. Lelong. 

Theorem 2.12 (\17\ p. 26, Theorem 5]) Let {ipt}teT be a family of plurisubhar- 
monic functions on a domain i7 which is uniformly bounded from above on every 
compact subset offl. Then ^ = supjgy ipt has a minimum uppersemicontinuous 
majorant ip* which is plurisubharmonic. We call ip* the uppersemicontinuous 
envelope of ip. □ 
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Remark 2.13 In the above theorem the equality ijj 
of measure 0(cf. '17, p. 29]). □ 

By Theorem 12.121 we see that h^ is also a singular hermitian metric on L 
with ^ 0. Suppose that there exists a nontrivial section a G r(X, OximL)) 
for some m (otherwise the second condition in Definition l2.8l is empty). We note 
that 

1 




gives the weight of a singular hermitian metric on L with curvature 2TTm~^{a), 
where (a) is the current of integration along the zero set of a. By the construc- 
tion we see that there exists a positive constant c such that 



holds. Hence 
holds. In praticular 
holds. This means that 



— tp* holds outside of a set 



a e H"{X,Ox{mL) ^I^ih'E)) 

a e H'\X,Ox{mL)®J{hl')) 
hL is an AZD of L. □ 



Remark 2.14 By the above proof (see (*)) we have that for the AZD h^ con- 
structed as above 

if (X, OximL) (gtl^hY!))^ ° (X, Ox {mL)) 

holds for every m, where Xoo(^™) denotes the -multiplier ideal sheaf, i.e., 
for every open subset U in X , 

Io.{hT){U) {./ e Ox{U) II / p {hL/hor G LfjU)}, 

where ho is a C°° -hermitian metric on L. □ 

Entirely the same proof as that of Theorem 12.111 we obtain the following 
corollary. 

Corollary 2.15 Let {L,ho) be a singular hermitian line bundle on a compact 
Kdhler manifold {X,lo). Suppose that 

E{L, ho) := {ip e Ll^iX) \ip^O, 9,,,, + V^ddip ^ 0} 

is nonempty. Then if we define the function ifip (z Ll^^{X) by 

(fp{x) := sup{i^(a;) \ (p G E} (x G X). 

Then h :— e^^'' ■ ho is a singular hermitian metric on L such that 
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2. H^{X,Ox{mL)(E)Ioo{h"')) ^ H^{X,Ox{mL)(E)Ioo{h^)) holds for every 
m ^ 0. □ 

We call h an AZD of {L,ho). This is a slight generalization of the notion of 
AZD's of pseudoeffective line bundles. 

Remark 2.16 In Corollarv \2.15[ E{L,hQ) is nonempty, if there exists a posi- 
tive integer mo and a G H^{X,OxirnoL) (8" 2oo(^cr°)) such that h^°{a,a) S 1- 
In this case 

^:=— log/i7(a,a) 
mo 

belongs to E{L,ho). 



2.3 The L^-extension theorem 

Let M be a complex manifold of dimension n and let S* be a closed complex 
submanifold of M. Then we consider a class of continuous function \1/ : M — > 
[— oo, 0) such that 

1. ^-\-oo) D S, 

2. if S is fc-dimensional around a point there exists a local coordinate 
system (zi, . . . , z„) on a neighbourhood of x such that Zk+i = ■ ■ ■ = Zn ^ 
on SnU and 

n 

sup I 'i'(z) - (n - fc) log I p|< oo. 



The set of such functions ^ will be denoted by 'i{S). 

For each ^ g ^{S), one can associate a positive measure (iVM[^] on S as the 
minimum element of the partially ordered set of positive measures satisfying 

/ fdn^ limj^oo ^^^^^^ — — [ f ■ e"* • XR{^.t}dVM 

JSk V2n-2k-l Jm 

for any nonnegative continuous function / with supp/ CC M. Here Sk denotes 
the fc-dimensional component of S, Vm denotes the volume of the unit sphere in 
'BJ"~^^ and XR{'i,t) denotes the characteristic funciton of the set 

t)^{xeM \ -t-l< < -t}. 

Let M be a complex manifold and let (E, hs) be a holomorphic hermitian 
vector bundle over M . Given a positive measure dfj,M on M, we shall denote 
A'^{M, E,hE,d^M) the space of holomorphic sections of E over M with 
respect to He and dfiM- Let 5 be a closed complex submanifold of M and let 
dfis be a positive measure on S. The measured submanifold {S, dfis) is said to 
be a set of interpolation for {E, He, djiM), or for the sapce A^{M, E,hE,d^M), 
if there exists a bounded linear operator 

/ : A^{S, E Is, He, d^s) A^{M, E, hE,d^M) 

such that /(/) \s— f for any / £ A'^{S, E \s, He, dfis)- I is called an interpola- 
tion operator. The following theorem is crucial. 
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Theorem 2.17 (J^^ Theorem 4]) Let M be a complex manifold with a con- 
tinuous volume form (IVm, let E be a holomorphic vector bundle over M with 
C°° -fiber metric He, let S be a closed complex submanifold of M , let 4" G 'ii{S) 
and let Km be the canonical bundle of M. Then (S', dVjvf (^)) is a set of inter- 
polation for (E (g) Km, ® {dVM)~^ , dVM), if the followings are satisfied. 

1. There exists a closed set X C M such that 

(a) X is locally negligble with respect to -holomorphic functions, i.e., 
for any local coordinate neighbourhood U <Z M and for any L?- 
holomorphic function f on U\X , there exists a holomorphic function 
f onU such that f \ U\X = f. 

(b) M\X is a Stein manifold which intersects with every component of 
S. 

2. Qhe =0 *^ sense of Nakano, 

5. * e tt(5)nC°°(M\5), 

4. e^^"'^^'^-'* • hE has semipositive curvature in the sense of Nakano for every 
e e [0, S] for some S > 0. 

Under these conditions, there exists a constant C and an interpolation opera- 
tor from A^(S,E®Km \s,h® {dVM)~^ \s,dVMM) to A^{M,E (g) KM,h (g> 
(dVM)^^ .dVM) whose norm does not exceed C ■S~^^^. If'^ is plurisubharmonic, 
the interpolation operator can be chosen so that its norm is less than . □ 

The above theorem can be generahzed to the case that [E, He) is a smgular 
hermitian Hne bundle with semipositive curvature current (we caU such a sin- 
gular hermitian line bundle {E^He) a pseudoefTective singular hermitian 
line bundle) as was remarked in |23| . 

Lemma 2.18 Let A/, 5, dVA-f, dVA-f [^'], /is) be as in Theorem \m\ Let 
(L, h^) be a pseudoeffective singular hermitian line bundle on M . Then (S, dVM [^]) 
is a set of interpolation for (Km ® E ® L, dV^j^ ® He ® hi,). D 

2.4 A construction of the function 

Here we shall show the standard construction of the function ^ in Theorem 
12.171 Let M be a smooth projective n-fold and let S* be a fc-dimensional (not 
necessary smooth) subvariety of M . Let U = {U^} be a finite Stein covering of 

M and let {f^\ • • • , fm{-y)} ^ generator of the ideal sheaf associated with S 
on U-y. Let {0^} be a partition of unity which subordinates to U. We set 

m(7) 

*:=(n-A)5]0,.(5] 1/(7) 
7 1=1 

Then the residue volume form is defined as in the last subsection. Here 

the residue volume form (iV^[4'] of a continuous volume form dV on M is not 
well defined on the singular locus of S. But this is not a difficulty to apply 
Theorem 12. 171 or Lemma [2. 181 since there exists a proper Zariski closed subset 
Y of X such that {X ~Y)nS is smooth. 
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2.5 Volume of pseudoeffective line bundles 

To measure the positivity of big line bundles on a projective variety, we shall 
introduce the notion of volume of a projective variety with respect to a big line 
bundle. 

Definition 2.19 Let L be a line bundle on a compact complex manifold M of 
dimension n. We define the volume of M with respect to L by 

IJ.{M,L) := n! •IW„^oom-"dimiJ"(A/,OM(TOi)). 

□ 

With respect to a pseudoeffective singular hermitian line bundle (for the def- 
inition of pseudoeffective singular hermitian line bundles, see the last part of 
Section 2.3), we define the volume as follows. 

Definition 2.20 (JEBl) (-^' ^) ^ pseudoeffective singular hermitian line 
bundle on a smooth projective variety X of dimension n. We define the volume 
of X with respect to (i, h) by 

^i(X, {L, h)) := nl ■ Im„^oom-" dimij"(X, Ox{mL) (g) 

A pseudoeffective singular hermitian line bundle (i, h) is said to be big, if 
li(X, (L,h)) > holds. 

We may consider ii{X, {L,h)) as the intersection number {L,h)". We 
also denote (L, h)) by {L, h)" . Let Y be a subvariety of X of dimension d 
and let tty '■ Y — > Y be a resolution ofY. We define IJ-{Y, (L, h) \y) as 

M(r,(L,/i) \y) ■.= ii{Y,^*y{L,h)). 

The righthand side is independent of the choice of the resolution tt because of 
the remark below. We also denote IJ.{Y, {L,h) \y) by {L,h)'^ ■ Y. □ 

Remark 2.21 Let us use the same notations in Defi,nition \2.2(A Let tt : X — > 
X be any modification. Then 

holds, since 

holds for every m and 

Ih^m^oom-" dimiJ°(X, Ox{mL)(g)I{h"')) = li^^^ooW-" dimH°{X, Ox{mL+D)(g>I{h"^)) 

holds for any Cartier divisor D on X . This last equality can be easily checked, 
if D is a smooth irreducible divisor, by using the exact sequence 

0^ Ox{mL)(g)I{h"') -> Ox{mL + D)(g)I{h"') OoimL + D) (g)I{h"') ^ 0. 

For a general D, the equality follows by expressing D as a difference of two very 
ample divisors. □ 
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2.6 A subadj unction theorem 



Let M be a smooth projective variety and let (L, /i/,) be a singular hermitian 
line bundle on M such that = on M. We assume that is lowersemicon- 
tinuous. This is a technical assumption so that a local potential of the curvature 
current of h is plurisubharmonic. 

Let TTiQ be a positive integer. Let a G r(M, OM{moL) (g) T{h)) be a global 
section. Let a be a positive rational number ^ 1 and let S be an irreducible sub- 
variety of M such that (M, a{a)) is LC(log canonical) but not KLT(Kawamata 
log terminal) on the generic point of S and (M, {a—e){a)) is KLT on the generic 
point of S for every < e << 1. We set 

*s = a\oghL{(7,a). 

Suppose that S is smooth for simplicity (if S is not smooth, we just need to take 
an embedded resolution to apply Theorems 12. 221 l2.23l below'). We shall assume 
that S is not contained in the singular locus of h^, where the singular locus of 
/iL means the set of points where h is +oo. Let dV be a C°°-volume form on 
M. 

Then as in Section 2.3, we may define a (possibly singular) measure c?l/[^'5] 
on S. This can be viewed as follows. Let / : N — > M be a log resolution 
of {X,a{a)). Then as in Section 2.4, we may define the singular volume form 
f*dV[f*'^s] on the divisorial component of f~^{S) (the volume form is iden- 
tically on the components with discrepancy > —1). The singular volume 
form dy[4'5] is defined as the fibre integral of f*dV[f*'i's] (the actual integra- 
tion takes place only on the components with discrepancy —1). Let dfis be a 
C°°-volume form on S and let (p be the function on S defined by 

if := log ■ 



(dV[4's] may be singular on a subvariety of S, also it may be totally singular 
on S). 

Theorem 2.22 / WE. Theorem 5.1]) Let M,S,^s be as above. Suppose that S 
is smooth. Let d be a positive integer such that d > amo . Then every element of 
A^{S,Os{m{KM + dL)),e-^'^-'^'>v -dV-"^ ■h'J] \s,dV[^s]) extends to an element 
of 

H\M, OM{rn{KM + dL))). 

□ 



As we mentioned as above the smoothness assumption on S is just to make the 
statement simpler. 

Theorem 12.221 follows from Theorem 12.231 below by minor modifications (cf. 
|32|'). The main difference is the fact that the residue volume form ^^[^'5] may 
be singular on S. But this does not affect the proof, since in the L^-extension 
theorem (Theorem I2.17|l we do not need to assume that the manifold M is 
compact. Hence we may remove a suitable subvarieties so that we do not need 
to consider the pole of ^^[^'5] on S (but of course the pole of c?F[^'5] affects 
the L^-conditions). 
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Theorem 2.23 Let M be a projective manifold with a continuous volume form 
dV , let L be a holomorphic line bundle over M with a C°° -hermitian metric Hl 
with semipositive curvature Qhl^ S be a compact complex submanifold of M , 
let : M — > [— oo,0) be a continuous function and let Km be the canonical 
bundle of M . 

1. *5 e tt(5) n C°^{M\S) (As for the definition of ^{S), see Section 3.2), 

2. ^ for every e e [0, 8\ for some 6 > Q, 

3. there is a positive line bundle on M . 

Then every element of H^{S,Os(jn{KM + L))) extends to an element of 
H°{M,OM{m{KM + m. □ 

For the completeness we shall give a simple proof of Theorem 12.231 (hence also 
Theorem 12. 2 2(1 under the additional conditions : 

Conditions 

1. K]^i + L is big. 

2. Bs| m{KM + L) \ does not contain S for some m > 0. 

3. There exists a Zariski open neighbourhood U of the generic point of S in 
M such that | m{KM + L) \ gives an embedding of U into a projective 
space for every sufficiently large m. 

The reason why we put this condition is that we only need Theorems 12.221 
and 12.231 under this condition. More precisely we need to consider the a little 
bit more general case that /i^ is a singular hermitian metric with semipositve 
curvature current on M and is singular on S. But as we have already 

mentioned above the singularity of (iy[\E'] does not change the proof. And the 
singularity of hh will be managed in Remark |2 . 261 below. 



Let us begin the proof of Theorem 12.231 under the above additional condi- 
tions. Let Af, S", L be as in Theorem l2.23l Let n denote the dimension of M and 
let k denote the dimension of S. Let hs be a canonical AZD (JTT) of Km + L \s- 
By Kodaira's lemma (cf. TH, Appendix]), there exists an effective Q-divisor B 
on M such that Km + L — B is ample. By the above conditions, we may take 
B such that Supp B does not contain S. In fact by the conditions, we see that 
for an ample line bundle H, \ m{KM + L) — H \ is base point free on the generic 
point of S. Then we may take B to be the 1/m-times a general member of 
I m{KM + L) ~ H \. We shall assume that Suppi? does not contain S. 

Let a be a positive integer such that 

1. A a{KM + L - B) is Cartier, 

2. A \s —Ks ia ample and Os{A \s —Ks) ® M^^^ is globally generated for 
every x G 5. 
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Let hM be a canonical AZD of Km + L. We shall define a sequence of the 
herniitian metrics {/im}(™ = 1) inductively by : 

K„, K{M,A + miKM + L),dV-^ ■hL■h„^-l,dV), 

hm ■ ~~y ) 

where K{M, A + m{KM + L), dV~^ ■ ■ hm-i, dV) is the Bergman kernel of 
A + m{KM + L) with respect to the singular hermitian metric dV ^ • /iL * ^m— i 
and the volume form dV ^ i.e., 

K{M,A + m{KM+L),dV-^-hL-hm-i,dV)^Y. I ^j"^ I'' 
where {o'j'"''} is a complete orthonormal basis of 

H'^{M, Om{A + in{Knj + L)) ® T{hm-i)) with respect to the inner product 
(a, a') := / a ■ ^' ■ {dV^^ ■ Hl ■ h,n~i) ■ dV 

J M 

where a, a' e H°{M,Om{A + m{KM + L)) (g) We use the similar 

notation for Bergman kernels hereafter. 

Every hm is a singular hcrmitian metric on A -\- tiiKm with semipositive 
curvature current by definition. 

Lemma 2.24 For every m ^ 0, there exists a positive constant Cm such that 

hm \s= Cm ■ hA \s 'h^S 

holds. □ 

Proof. We shall prove the lemma by induction on m. For m = the both sides 
are Os, hence the inclusion holds. Suppose that the inclusion holds for some 
m — 1 ^ and a positive constant Cm-i- Then by the L^-extension theorem, 
Theorem 12 . 1 71 implies that there exists a bounded interpolation operateor : 

Im:A^{S,A + m{KM + L) |s, (dF^^ • /il) Is -hm-i \s.dV[^s]) 

A'^{M,A + m{KM +L),{dV-'^ ■ hL) ■ hm-i,dV) 

whose operator norm is bounded from above by C -S"^^^ , where C is the positive 
constant in Theorem l2.17l Hence by the induction assumption, we see that there 
exists a bounded interpolation operator : 

C:A^{S,A + m{KM + L) \s,{dV-^-hL) \s -{hA \s -h^-^), dVi'f s]) 

— > A'^{M,A + m{KM +L),{dV''^ ■ hL) ■ hm-i,dV) 

whose operator norm is bounded from above by Cm-i ■ C ■ 5~^^'^. Let K{S, A + 
m{KM + L) \s,{dV-'^ -hL-hA) \s ■h'^-\dV[^s]) denote the Ber gman kernel of 
A+m{KM+L) \s with respect to the singular hermitian metric {dV~^-hL-hA) \s 
•ft^-^ and the volume form dV[*s] (defined as K{M, A + m{KM + L),dV-^ ■ 
h^ ■ hm-i,dV) above). Then since for every x G 5 

Kmix) = sup{| aix) e A\M,A+m{KM+L),dV-^-hL-hm-i,dV),\\ a |h 1}, 
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and 

K{S, A + 7n{KM + L) \s, {dy-^ ■ ■ Ha) \s ■hl'-\dV[^ s]){x) 

= sup{| cj{x) p; a e ^2(5, A+m{KM+L) |s, {dV-^-hL-hA) \s ■h^-\dV[^ s]). \\ ^ \\= 1} 

hold (cf. |16[ p. 46, Proposition 1.3.16]), we see that there exists a positive 
constant C such that 

{C-5-^''')-^-C-^\-K{S,A+m{KM+L) \s,{dV-^-hL-hA) \s ■K^-\dV[^ s]) 

holds on S. Since there exists a positive constant Ci such that 

dV~^ -hL^Ci-hs 

holds, we see that 

(tt) K„, \s^ {C-5-''/^)-^-C;^\-C^^-K{S,A+m{KM+L) \s,hA \s ■h^,dV[^s]) 

holds. By the choice of A, we see that there exists a positive constant Cs 
(independent of m, although this fact is not used in the proof) such that 

(b) K{S, A + m{KM + L) \s, Ha \s ■K^,dV[^s]) Z Cs ■ {Ha \s -/i" 

holds. This can be verified as follows. Since A \s —Ks is ample, we see that 
there exists a C°°-hermitian metric Ha/s on ^ Is such that the hermitian metric 
dy[4'5] • Ha/s on ^ Is —Ks has strictly positive curvature everywhere on S. 

Let a; be a point on M and {(7A,q} a basis of H°{S,Os{A \s - K s) ® M^^'^^) . 
Then in Theorem 12. 171 (see also Lemma r2.18|l . taking ^ to be 

k . 

■■= logJ^d'Vl'fs] ■ hA/sifTA^q, (TA,q), 

1 

and {E,hE) to be 

{A Is -Ks + m{KM + L) \s, dV[^s] ■ hA/s ' 

by Theorem 12 . 1 71 and Lemma [2 .181 we have a bounded interpolation operator : 

: A^x,A+m{KM+L) U,hA/s-h'^ U,4) A^S, A+m{KM+L), hA/s-h"^ , dV[^ s]), 

where 6x is the Dirac measure at x. We note that by the definition of and the 
fact that Os{A \s —Ks) VWj;'*'^ is globally generated, log^'^, has singularity 
only at x and the operator norm of the Im,x is less than or equal to C • k"^^^ by 
Theorem 12. 171 where C is the positive constant in Theorem 12. 171 Hence we see 
that 

K{S, A + m{KM + L) \s, Ha/s ■ h^, dV[^s]) ^ C"! • fc'^/^ . (hA/s ■ h^)-^ 

holds by the basic property of Bergman kernels (cf.|16l p. 46, Proposition 1.3.16]). 
We note that Ha/s is quasi-isometric to Ha |s: i-e., there exists a positive con- 
stant Ca,s > 1 such that 

Ca]s ■ ^A/S = |s^ Ca,S ■ hA/s 
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holds on S. Then this hiiphes that 

K{S,A + m{KM + L) \s,hA \s ■h'^,dV[-^s]) ^ C^'s -C'^ ' ^'^^^ ' (^a \s -h^T^ 

holds on S. This is the desired estimate (b) with Cs = s ' ' 
Combining ((J) and (b), we see that 

Km (C ■ ■ • • Cs ■ (hA \s -h'l^T' 

holds on S. Then by the definition of ft,,„, we see that 

hm \sS {C ■ . Ci ■ Cg^ ■ Cm-i ■ hA Is -hJS 

holds. Hence we complete the proof of Lemma l2 . 241 bv induction on m. □ 



By the definition of A, we may consider the metric Ha as a singular hermitian 
metric Ha on a{KM + L). Also we may consider hm as a singular hermitian 
metric on hm on {a + 'm){KM + L). Then by Lemma l2.24l we have the following 
lemma. 

Lemma 2.25 For every m ^ 0, there exist a positive constant depending 
on m and a positive constant C independent of m such that 

hit"' \sS C'^ ■ hm C'^+'hA Is -/I's" 

hold. □ 

By Lemma [2. 2 51 we see that 

hMSiC'm)^ -hAlf^ -hf^ 

holds. 

Let us fix an arbitrary nonnegative integer £. Then since hs is an AZD of 

Km + L Is, 

{iChA 1^ ■hf'')}m=l 

is an increasing sequence of ideal sheaves on S contained in X{hg). Let (j),p 

be a weight functions of h'g'"^^ and fiA \s*"^ with respect to (the powers of) 
dV~^ ■ h^ Is respectively. By Holder's inequality we see that for a holomorphic 
function / on an open set V in S*, 

/ e-^-e-"- I / p dV[^s] ^ ( / e-P^- \ f p dV[^s])^i f e-^"- \ f p dV[^s])' 
Jv Jv Jv 

holds, where 

Is/ TO, p 

p:={l+ ){! + -), q = 



a'" p-1 
Since 

e-J"f ■ idV-' ■ hL \sY+' = h'+^ 
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holds, this implies that there exists a positive integer rrii depending on i such 
that ^ 

holds. Hence we see that 

holds on S. We note that since hs is an AZD of {Km + L) \s, 

A\S, {i+l){KM+L) \s.h's+\dV[^s])-A^{S, (£+l)(i^M+i) \s,dV-^-hL \s -h's.dVl^s]) 

holds. Using this equality, by Theorem 12. 171 fand Lemma r2.18|l in Section 2.3, 
we see that every element of 

A\S, {I + \){Km + L) Is, dV-^ ■ hL \s -h's, dV[^s]) 

can be extended to an element of 

A^M, {£ + 1){Km +L),dV'^-hL- hi,, dV). 

Since £ is an arbitrary nonnegative integer, we complete the proof of Theorem 
^TM □. 

Remark 2.26 The above proof also works for the case that (L, h^) is a singular 
hermitian line bundle with semipositive curvature current, if we assume the 
following conditions : 

1. {Km + L, dV^^ ■ hL) is big. 

2. Bs\ m{KM + L, dV^^ ■ h^) \oo does not contain S for some m > 0. 

3. There exists a Zariski open neighbourhood U of the generic point of S in 
M such that \ m{KM + L, dV^^ ■ h^) |oo gives an embedding of U into a 
projective space for every sufficiently large m. 

Here \ m{KM+L, dV^^-hL) |oo denotes the linear system \ H'^{M, OM{'m{KM + 
L)) <E)2oo(^™)) I- In this case we need to take an AZD hs of the singular 
hermitian line bundle {Km + L,dV~^ ■ h^) \s- Noting Remarks \2.14\ and \2.1b\ 
by Corollarv \2.15\ there exists an AZD hs of {Km + dV"^ ■ hif) \s. □ 

Remark 2.27 The full proofs of Theorems \2. 22\ and \2.2M can be obtained sim- 
ilar line as the above proof. But they require more detailed estimates. The proof 
presented here is somewhat .similar to the argument in ^24j . O 

2.7 Positivity result 

The following positivity theorem is the key to the proof of Theorems 1.1 and 
1.2. 

Theorem 2.28 f}ll[ p. 894, Theorem ^]) L^t f ■ ^ — * B be a surjective mor- 
phism of smooth projective varieties with connected fibers. Let P = ^ Pj and 
Q = Qi be normal crossing divisors on X and B respectively, such that 
f~^{Q) C P and f is smooth over B\Q. Let D = ^djPj be a C^-divisor 
on X , where dj may be positive, zero or negative, which satisfies the following 
conditions : 
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1. D = + D" such that f : Supp{D^) B is surjective and smooth over 
B\Q, and f{Supp{D^)) C Q. An irreducible component of D''' (resp. D"" ) 
is called horizontal (resp. vertical). 

2. dj < 1 for all j. 

3. The natural homomorphism O B f*Ox{\—D~\) is surjective at the generic 
point of B . 

4. Kx + D f *(KB + L) for some Q-divisor L on B. 
Let 

f*Qe = ^wgjPj 

j 

dj := if f{P.j) = Qi 

Wij 

Si := ma,x{dj; f{Pj) ^ Qi} 

A ^ SiQi 

i 

M := L-A. 

Then M is nef. □ 

Here the meaning of the divisor A may be difficult to understand. So I would 
hke to give an geometric interpretation of A. Let X, P, Q, D, B, A be as above. 
Let dV be a C°°-volume form on X. Let aj be a global section of Ox{Pj) 
with divisor Pj. Let || aj \\ denote the hermitian norm of aj with respect to 
a C°°-hermitian metric on Ox{Pj) respectively. Let us consider the singular 
volume form 



I 2d. 



on X. Then by taking the fiber integral of with respect to / : X — > B, we 
obtain a singular volume form Jx/b ^ "-"^ '^here the fiber integral Jx/b ^ 
defined by the property that for any open set U in B, 



( / ^ 

U JX/B J f-^(U) 

holds. We note that the condition 2 in Theorem 12.281 assures that Jx/b ^ 
continuous on a nonempty Zariski open subset of B. Also by the condition 4 in 
Theorem l2.28l we see that Kx + -D is numerically /-trivial and {Jx/b ^)'"' is a 
C^-hermitian metric on a line bundle a(KB + A), where a is a positive integer 
such that aA is Cartier. Thus the divisor A corresponds exactly to singularities 
(poles and degenerations) of the singular volume form Jx/b ^ on B. 



3 Proofs of Theorems 1.1 and 1.2 

In this section we shall prove Theorems 1.1 and 1.2 simultaneously. The proof 
is almost parallel to the one assuming MMP (.34), if we replace the minimal 
model by an AZD (analytic Zariski decomposition) of the canonical line bundle. 
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3.1 Construction of a filtration 

Let X be a smooth projective n-fold of general type. Let h be an AZD of Kx 
constructed as in Section 2.2. We may assume that h is lowersemicontinuous 
by Theorem ??. This is a technical assumption so that a local potential of 
the curvature current of h is plurisubharmonic. This is used to restrict h to 
a subvariety of X (if we only assume that the local potential is only locally 
integrable, the restriction is not well defined). We set 

X° = {x Cz X \ X /^Bs I mKx \ and <1>|^^^| is a biholomorphism 

on a neighbourhood of x for some m ^ 1}. 

We set 

^io ■■= {Kx, hr = ^i{X, {Kx,h)) = ^i{X, Kx). 

For the notations {Kx,h)",iJ,{X,{Kx,h)) and ii{X,Kx) see Definitions 12.201 
and 12.191 The last equality holds, since h is an AZD of Kx- We note that for 
every x G I{h™)x — Ox x holds for every m ^ (cf. or [HI Theorem 
1.5]). 

Let x,x' be distinct points on X°. In this subsection we shall construct a 
filtration 

X ^ Xo D Xi D ■ ■ ■ D Xr D Xr+i = X or x' 

of X by a strictly decreasing sequence of subvarieties {Xil^jTg for some r (de- 
pending X and a;') and invariants : 

ao,ai,. .. , ar, 

n =: uq > ni > ■ ■ ■ > Tir {ni — dim X^, i — Q, - ■ ■ , r) 

and 

/^o,Mii ■ • ■ ,Mr (Mi = {Kx.h)"-' • = 0, • • • ,r) 
(cf. Definition 12. 20|) with the estimates 

a. ^^^ + (5 (O^z^r), 

where (5 is a fixed positive number less than 1/n. 
Lemma 3.1 We set 

Mx^x' = Mx -Mx', 

where Mx, -Mx' denote the maximal ideal sheaves of the points x, x' respectively. 
Let £ he positive number strictly less than 1 . Then 

H\X,Ox{mKx)®T{h^) ■ ^1,5^^'^'^^^) ^ 
holds for every sufficiently large m. □ 
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Proof. First we note that since x^x' G X° , h is bounded from above at x and 
x' by the construction of h (cf. Theorem I2.11|) . In particular T{h"^)x — Ox,x 
and I{h'^)x' — Ox,x' hold for every m ^ 0. Let us consider the exact sequence: 

^ H'>iX,OximKx)®Iih"yMl'^'-''"^^^) ^ H°{X,OximKxmih"')) ^ 

H\X,Ox{mKx) ®I{hn ® Ox/mI'^'-''"^^^). 

We note that 

•IW„^ooTO""dimi/"(X,C'x(mXx) = Mo 

holds by the definition of ^o- 

On the other hand, we see that 

n!-Ih^^™^oom-"dimi/"(X,Ox(mifx)®2:(/i")®Ox/Ali,r^^'~'^^V Mo(l-e)" < A^o 

hold, since I{h™)x — Ox,x and I{h™)x' — Ox,x' hold for every to ^ 0. 

By the above inequalities and the exact sequence, we complete the proof of 
Lemma 3.1. □ 

Let e be a positive number less than 1 as in Lemma 3.1. Let us take a sufficiently 
large positive integer mg such that 

H"{X, OximoKx) ® • mI^^''"^"^^ ) ^ 

as in Lemma 3.1 and let 

be a general nonzero element. We set 

Do — (ao) 
Too 

and ^ 

I ao p/-o 

(see Example 12.21 in Section 2.1 for the meaning of 1/ I (To p/™" ). We define 
the positive number ao by 

ao ■= inf{a > | {X,aDo) is KLT at neither x nor x'}, 

where KLT is short for of Kawamata log terminal (cf. Definition l2.4|l . 
Let /i : Y — > X be a log resolution of {X, D) and for a > let 

i^y +AC^(a^) = ^^*{Kx+aD)+F{a), 

where F{a) denotes the discrepancy depending on a. Then ao is the infimum 
of a such that the discrepancy F{a) has a component whose coefficient is less 
than or equal to —1. Hence by the construction ao is a rational number. 
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Since {J27=i I 1^) " locally integrable around O e C", by the 

definition of Dq, we see that 

ao ^ 



/Aio(l - e) 

holds. About the relation between the KLT conditions and the multiplier ideal 
sheaves, please see Section 2.1. 

Let S be the fixed positive number as above and let us make e > sufficiently 
small so that 

ao ^ — — + 
holds. Then one of the following two cases occurs. 

Case 1: For every sufficiently small positive number A, {X, {uq — X)Do) is KLT 
at both X and x' . 

Case 2: For every sufficiently small positive number A, {X, {uq — X)Do) is KLT 
at exactly one of x or x' , say x. 

We define the next stratum Xi by 

Xi :— the minimal center of log canonical singularities of (X, ao-Do) at x (cf. Section 

If Xi is a point, we stop the construction of the filtration. Suppose that Xi is 
not a point. 

Case 1 divides into the following two cases. 

Case 1.1: Xi passes through both x and x' , 

Case 1.2: Xi passes through only one of x and x' , say x. 

First we shall consider Casel.l. We define the positive number /ii by 

m := fi{Xi, {Kx,h) \x,). 

Then since x,x' <E X°, /ii is positive. 

For the later purpose, we shall modify Hq so that Xi is the only center of 
log canonical singularities of {X,aoDo) at x. Let us take an effective Q-divisor 
G such that Kx — G is ample by Kodaira's lemma (cf.T^, Appendix]). By the 
definition of X°, we may assume that the support of G contains neither x nor 
x' . In fact this can be verified as follows. Let H be an arbitrary ample divisor 
on X. Then by the definition of X° , \ bKx — H \ is base point free at x and x' 
for every sufficiently large b. Fix such a b and take a member G" of | bKx — H \ 
which contains neither x nor x' . Then we may take G to be b-^G' . 

Let a be a positive integer such that A := a{Kx — G) is a very ample 
Cartier divisor such that Ox {A) (8) Ixi is globally generated. Let pi, . . . ,pe G 
H°{X, Ox{A) (»IxJ be a set of generators of Ox{A)(»Ixi on X. Then if we 
replace Hq by 
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it has the desired property. If we take mo very large (in comparison with a) , we 
can make the new ao arbitrary close to the original oq. Hence we may assume 
that the estimate 

ao ^ — := + 
still holds after the modification. Let us set 

ni := dimXi. 

The proof of the following lemma is identical to that of Lemma 3.1. 

Lemma 3.2 Let s' be a positive rational number less than 1. Let Xi,X2 be 
distinct regular points of Xi n X° . Then for every sufficiently large positive 
integer m 

H%X^,Ox, (mKx) ® UJ • A^L"^^'"''^"^^ ) ^ 

holds. □ 

Let xi,X2 be two distinct regular points of XiDX" . Let mi be a positive integer 
such that 

H'{X,,OxAmiKx)®I{h'''' \x^)-mI"!^^'""'^^^) + 
as in Lemma 3.2 and let 

be a nonzero element. 

We shall extend the singular hermitian metric 1/ | cr'-^xi x.2 P^™^ of Kx |xi 
to a singular hermitian metric on Kx with semipositive curvature current after 
a modification. 

As before by Kodaira's lemma (|T^, Appendix]) there is an effective Q-divisor 
G such that Kx — G is ample. By the definition of X° , we may assume that the 
support of G contains neither x nor x' as before. Let l\ be a sufficiently large 
positive integer which will be specified later such that 

Li ■.= h(Kx-G) 

is Cartier. Let hi^^ be a C°°-hermitian metric on L\ with strictly positive 
curvature. Let r be a nonzero section in Ojs:(Li)). We set 

* ao • log—. 

/lo 

Let dV be a C°°-volume form on X. We note that the residue volume form 
(iV^['I'] on X\ may have poles along some proper subvarieties in X\. By taking 
l\ sufRciently large and taking r properly, we may assume that hj^^ (r, r) • (iV^[\E'] 
is nonsingular on X\ in the sense that the puUback of it to a nonsingular model 
of X\ is a bounded form. Then by applying Lemma 12.181 iox S — X\., ^ — 
ao log(/i//io), 

(i?,/iB) = ((ri + aol)Kx,/i^'+"''^), 
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and 

(L, hL) = ((mi - [aol - 2)Kx + Li, /i('"i-r"oV2) ^ j^^j^ 
we see that 

<^l.„.2 ® r e H\X^,Ox, {miKx + Li) ® I(/i™^ U J • M^"^^'"''^^^ ) 
extends to a section 

cTi.x,,x2 e i70(X,Ox((mi 

We note that even though c?l/[^'] may be singular on Xi, we may apply Lemma 
12.181 because there exists a proper Zariski closed subset B of X such that the 
restriction of to {X B) O Xi is smooth. Of course the singularity of 

dT^[\E'] affects the L^-condition. But this has already been managed by the 
boundedness of /ij;,^(t, r) • 

Taking £i sufficiently large, we may and do assume that there exists a 
neighbourhood Uxi,x2 of {xijX2} such that the divisor {ai^xi.x2) is smooth on 
Uxi,x2\Xi- This can be verified as follows. Let us take £i sufficiently large so 
that Ox{Li) ® My'^^ is globally generated for every y e X. Let us fix y and 
let Ui," ■ ,Cn} be a set of basis of H°{X,Ox{Li) ® M'^+^). Then 

1 1 

1+1 



is a singular hcrmitian metric of Li with strictly positive curvature current. 
Since Ox{Li) <S) My~^^ is globally generated, we see that Ox/I{hLi.y) has iso- 
lated support at y. By Nadel's vanishing theorem p. 561], this implies that 
for every y e X°\Xi, 

H\X,Ox{mKx + Li)(»I{h'^" ■ h''''-^-°">) My) = 

holds. Hence for every y e X°\Xi, we may modify the L^-extension of cr'i ^.^ ^.^lE) 
r so that the extension has any prescribed value at y, if we take £i is sufficiently 
large. We may take £i to be independent of y € X°\Xi. Then by Bertini's 
theorem we may find a neighbourhood Uxi,x2 of {xi,X2} such that the divisor 
icri,xi.x2) is smooth on U^^^^^XXi. 

We set ^ 

Di{xi,X2) := --^{(Ji,xi.x2)- 

nil + £i 

Let Xi^reg denote the set of regular points on Xi. We may construct the 
divisors {Di{xi,X2)} as an algebraic family over (Xi^reg x ^i.reg) \ where 
Axi denotes the diagonal of Xi x Xi. This construction is possible, since we 
may take Li idependent of xi,X2 S Xijeg- Letting xi and X2 tend to x and 
x' respectively, we obtain a Q-divisor Di on X which is (mi + £i)~"'^-times a 
divisor of a global holomorphic section 

aieH°{X,Oxiimi+£i)Kx)). 

By the construction, we may and do assume that there exists a neighbourhood 
Ux,x' of {x,x'} such that (ai) is smooth on Ux,x'\Xi. 
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Let £o be a positive rational number with eg < Q^o- And we define the 
positive numbers ai(xi,X2) and ai by 

ai(xi,X2) inf{a > | (ap — eo)Do + aDi{xi,X2) is KLT at neither xi nor X2} 
and 

ai :— inf{a > | (an — Sq)Dq + aDi is KLT at neither x nor x'} 

respectively. For every positive number A, (ckq ~ £o)Dq + (ai — A)Z?i is KLT at 
X OT x' , say x. Then we shall define the proper subvariety X2 of Xi by 

X2 '■= the minimal center of log canonical singularities of {X, (ao — £o)Do + aiDi) at x. 

We shall estimate ai. We note that mi is independent of ii in the extension 
of cr'i^x,,x2 

Lemma 3.3 Let S be the fixed positive number as above, then we may assume 
that 

ai S + 6 

holds, if we take e' , Ixjmx and £q sufficiently small. □ 

To prove Lemma 3.3, we need the following elementary lemma. 

Lemma 3.4 ff'-i(A P-12, Lemma 6]) Let a,b be positive numbers. Then 



^2ni — 1 9^, i^r-. ^ _2ni — 1 

r^ . ^-2b / I 1 

r , 7^ 7r-zTdr2 — r-, / - — - — Tr-zTdr:i 

(rl+rl-y 1 Jo il+rl-)b 



holds, where 



□ 



rs = r2/r{ . 



Proof of Lemma 3.3. First suppose that nonsingular points on 

Xi. Then we may set xi — x,X2 = x' , i.e., we do not need the limiting process 
to define the divisor Di. Let (zi, . . . , z„) be a local coordinate system on a 
neighbourhood U oi x in X such that 

UnXi^{qeU\ z„i + i(g) = • • • = Zniq) = 0}. 

We set ri = {J2"=ni+i I -^1 P)^^^ ^^d r2 = {J27=i I p)^/^. Fix an arbitrary 
C°°-hermitian metric Hk on Kx- Then there exists a positive constant C such 
that 

W Wa^r^Cirl+rr'^''-''"^^') 

holds on a neighbourhood of x, where || || denotes the norm with respect to 
^mi+^i^ We note that there exists a positive integer M such that 

II a, \r=0{rY'^) 
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holds on a neighbourhood of the generic point of U D Xi, where || || denotes 
the norm with respect to h^^" . Let us apply Lemma 3.4 by taking 

Then by Lemma 3.4 and the estimate (★), we see that for every 

ni 



b > 



II fJi II produces a singularity greater than equal to r^^" , if we average the 
singularity in terms of the volume form in zi,--- ,Zn-^ direction. Hence by 
Proposition 12 . 51 we have the inequality: 

ai S ( ) — — + miEo- 

mi "V/ITll - £ ) 

Taking e', £i/mi and Eq sufficiently small, we obtain that 

ai S + d 

holds. □ 



If X or x' is a singular point on Xi, we need the following lemma. 

Lemma 3.5 Let if be a plurisubharmonic function on A" x A. Let ipt{t G A) 
be the restriction of ip on A" x {i}. Assume that e^"^* does not belong to 
L]^^{A",0) for anyteA*. 

Then e~'^° is not locally integrable at O ^ A". □ 

Lemma 3.5 is an immediate consequence of the L^-extension theorem |22l p. 20, 
Theorem]. Using Lemma 3.5 and Lemma 3.4, letting xi — > a; and X2 —> x' , we 
see that 

ai ^ liminf ai{xi,X2) 

Xi — >X,X2 — >X' 

holds. 



Next we consider Case 2. The remaining case Case 1.2 will be considered 
later. In Case 2, for every sufficiently small positive number A, (X, {ao — X)Do) 
is KLT at x and not KLT at x' . In Case 1.2, instead of Lemma 3.2, we use the 
following simpler lemma. We define Xi as before. 

In this case, instead of Lemma 3.2, we use the following simpler lemma. 

Lemma 3.6 Let e' be a positive number less than 1 and let xi be a smooth point 
on Xi. Then for a sufficiently large m > 1, 

H°{Xi,Ox, imKx) ® lih"' IxJ • r^^MT^i-^'^^T ) ^ 

holds. □ 
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Let us take a general nonzero element (j'l '^^ 

for a sufficiently large mi. Using Lemma 3.6, let be as in Lemma 3.3 and let 
T be a general nonzero section in H°{X,Ox{Li)), where Li is the line bundle 
as in Lemma 3.3. By Lemma 3.3, we may extend <ti^x[ (S) t to a section 

<yi,x^ e H%X,Ox{imi+h)Kx)). 

As in Case 1.1, taking £i sufficiently large, we may assume that there exists a 
neighbourhood Uxi of xi such that {cti,xi) is smooth on a Uxi\Xi. We set 

Let Xi^reg denote the regular locus of Xi. We may construct the divisors 

{Di{xi)} as an algebraic family over Xi ^cg- Letting xi tend to wc obtain a 
Q-divisor Di on X which is (mi +£i)~^-times a divisor of a global holomorphic 
section 

aieH\X,Ox{{mi+ei)Kx)). 

By the construction, wc may and do assume that there exists a neighbourhood 
Ux of X such that (cti) is smooth on Ux\Xi. Let £o be a sufficiently small 
positive rational number with sq < ao such that (ao — sq)Do is not KLT at x' 
(this is possible because wc arc considering Case 2). 

And we define the positive numbers Q:i(a;i) and ai by 

Oii{xi) := inf{a > | (ao — eo)-Do + aDi{xi) is not KLT at a;i}. 

and 

ai := inf{a > | (ao — sq)Do + aDi is KLT at neither x nor x'} 

respectively. The definition of ai is the same as in Case 1.1. But we note that 
(ao — so)Do is already not KLT at x'. We shall estimate ai. The proof of the 
following lemma is similar to that of Lemma 3.3. 

Lemma 3.7 Let 6 be the fixed positive number as above. Then we may assume 
that 

ai S — — + S 

holds, if we take e' , £i/mi and Sq sufficiently small. □ 

This estimate is better than Lemma 3.3. Then we may define the proper 
subvariety X2 of Xi as the minimal center of log canonical singularities of 
{X, (ao — so)Do + aiDi) at x or x' as we have defined Xi. 



Lastly in Case 1.2 the construction of the filtration reduces to Case 2 as 

follows. In Case 1.2, Xi does not pass through x' . Hence in this case the 
minimal center of LC singularities X[ at x' does not pass through x. One may 
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reduce Case 1.2 to Case 2, by "strengthening" the singularity of Dq along X[ 
as follows. 

Let ai be a sufficiently large positive integer such that 

H°{X,Ox{aiKx)®IxO^(^- 

Let r' be a general nonzero section of H'^{X,Ox{aiKx) We note that 

there exists an effective Q-divisor G on X such that Kx — G is ample and 
X is not contained in Supp G as we have seen before. Hence if we take ai 
sufficiently large, we may assume that the divisor (r') does not contain x. In 
this case instead of ctq, we shall use CTq (g) t', taking a positive integer e large. 
Let Dq :— (moe + ai)^^(CT§(8'T').Let us define a positive rational number ag for 
{X, D'q) similar to a^. Then by the construction of r', then the minimal center 
of LC singularities of {X, u'^Dq) at x is Xi and {X, agi^o) is not LC at x' . Also 
we can make arbitrary close to ag by taking e sufficiently large. Hence we 
may assume that ag satisfies the same estimate : 

ttg < + ^ 



as ag . And we may continue the construction of the filtration. In this way we 
can reduce Case 1.2 to Case 2. 



In any case we construct the next stratum X2 as the minimal center of log 
canonical singularities of {X, (ag — eg)Dg + aiDi) at x. li X2 is a point, then we 
stop the construction of the filtration. If X2 is not a point, we continue exactly 
the same procedure replacing Xi by X2 ■ And we continue the procedure as long 
as the new center of log canonical singularities (Xi, X2, • • • ) is not a point. As 
a result, for any distinct points x,x' G X° , inductively we construct a strictly 
decreasing sequence of subvarieties 

X ^ Xq D Xi D ■ ■ ■ D Xr D Xr+i ^ X or x' 

and invariants : 

ag, ai, . . . , ar, 

eg, El, ... , £r-l, 

n > ni > ■ ■ ■ > Ur {ui — dimXi, z = 1, • • • , r), 

and 

/ig,/zi, . . . {pit := ti{Xi, {KxJi) \xi)) 

depending on small positive rational numbers eg, ... , £r-i, large positive integers 
mg, mi, . . . , TOr, positive integers =: ^g, ^i, • • • , ^r, 

a,&H\X,Ox{{'m,+t,)Kx)) (z = 0,-- - ,r), 

A = \-T^^i) (i = 0,---,r), 

■nii + ti 

etc. 

By Nadel's vanishing theorem f |2UI p. 561]) we have the following lemma. 
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Lemma 3.8 For every positive integer m > 1 + X]i=o'^«' ^\mKx\ separates x 
and x' . And we may assume that 



a, 



< 



n 



i V2 



holds for every ^ i ^ r. □ 

Proof. For z = 0, 1, . . . , r, let hi be the singular hermitian metric on Kx defined 

by 

1 



where we have set £o — 0. Using Kodaira's lemma ("IT, Appendix]), let us 
take an effective Q-divisor G on X such that Kx — G is ample as before. As 
before we may assume that Supp G contains neither x nor x' . Let H'q be a C°°- 
hermitian metric on the Q-line bundle Kx — G with strictly positive curvature. 
Let G ~ J2k 9kGk be the irreducible decomposition of G and let cgj. be a global 
holomorphic section of Ox{Gk) with divisor Gfe. Then 



2gk ■ 

k 



is a singular hermitian metric of Kx with strictly positive curvature current. 

Let TO be a positive integer such that to > 1 + X]i=o '^i above. Let Eg be 
a positive number such that 



r-1 



Eg <m~l - C^{ai - e^) + Ur). 



1=0 



We set 



r-1 



(3 := ^(tti - Ei) + ar+ Eg- 



i=Q 
r-1 



i=0 

Then we see that T{hx,x' ) defines a subscheme of X with isolated support around 
X or x' by the definition of the invariants {a^j's and the fact that SuppG 
contains neither x nor x' . By the construction the curvature current @h , is 
strictly positive on X. Then by Nadel's vanishing theorem ('50', p. 561]) we see 
that 

H\X,Ox{mKx)®I{hx^x'))^0 

holds. Hence 

H\X,Ox {mKx ))^H\X,Ox {mKx )®Ox/AK.x-)) 

is surjective. Since by the construction of h^.x', Swpp{Ox /^{hx.x')) contains 
both X and x' and is isolated at least at one of x or x' . Hence by the above 
surjection, there exists a section a G H'^{X,Ox{mKx)) such that 

cr{x) ^ 0,cr(x') = 
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or 

a{x) = 0, a{x') ^ 

holds. This impUes that separates x and x' . The proof of the last 

statement is similar to that of Lemma 3.3. □. 

3.2 Estimate of the degree 

To relate no and the degree of pluricanonical images of X, we need the following 
lemma. 

Lemma 3.9 If^\rnKx\ birational rational map onto its image, then 
holds. □ 

Proof. Let p : X — > X be the resolution of the base locus of | mKx \ and let 

p* I mKx 1 = 1 Pm I 

be the decomposition into the free part | Pm \ and the fixed component F^- We 
have 

deg^\mKx\iX) = Pm 
holds. Then by the ring structure of R{X, Kx), we have an injection 

H°{X,0^iiyPm)) ^ H''iX,Oxim,^Kx) (8>I{h"'n) 

for every v ^ 1, since the righthand side is isomorphic to H^{X,Ox{mvKx)) 
by the definition of an AZD. We note that since 0^{vPm) is globally generated 
on X, for every ^ 1 we have the injection 

0^{vPm) ^ p*{Ox{muKx)(^T{h""'))- 
Hence there exists a natural homomorphism 

H\X,0^{vPm)) H\X,Ox{mvKx)®l{h^'')) 
for every v^l. This homomorphism is clearly injective. This implies that 

Mo^m-"-M(^,f"m) 
holds by the definition of fiQ. Since Pm is nef and big on X, we see that 

^l{x,Pm) = p:i, 

holds. Hence 

MO ^ m-" • P:, 

holds. This implies that 

deg^'imifxK^) ^Mo-m" 

holds. □ 
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3.3 Use of the subadjunction theorem 

Let 

X = Xo D Xi D • • • D D Xr+l = X OT x' 

be the filtration of X as in Section 3.1. 

Lemma 3.10 Let Wj be a nonsingular model of Xj. For every Wj, 

i=0 

holds, where /ij = {Kx,h)^i ■ Xj as in Section 3.1 ( we note that iJ,{Wj,Kwj) 
depends only on Xj). □ 

Proof. 

Let us set 

i-i 

Let Di denote the divisor m^^{ai) and we set 

D := ^(a, - ei)Di + Sj-iDj_i. 

i=l 

Let TT : Y — > X be a log resolution of {X, D) which factors through an em- 
bedded resolution w : Wj — > Xj of Xj. By the modification as in Section 
3.1, we may assume that there exists a unique irreducible component Fj of the 
exceptional divisor with discrepancy —1 which dominates Xj. Let 

^, : F, W, 

be the natural morphism induced by the construction. We set 

T,*{Kx+D) \p.= Kp.+G. 

Wc may assume that the support of G is a divisor with normal crossings. Then 
all the coefficients of the horizontal component G'* of G with respect to TTj are 
less than 1 because Fj is the unique exceptional divisor with discrepancy —1. 
Let dV be a G°° -volume form on the X. Let be the function defined by 

vf := log(/i^- I a,_i I • n 1^^)- 

i=0 

Then the residue ResF; (7r*(e~* • dV)) of 7r*(e~* • dV) to Fj is a singular volume 

form with algebraic singularities corresponding to the divisor G. Since every 
coeflScient of is less than 1, there exists a nonempty Zariski open subset Wj 
of Wj such that Res^^ (7r*(e~* • dV)) is integrable on 7r^^(Wj'). 

Then the puUback of the residue (iy['J'] of e^* • dV (to Xj) to Wj is given 
by the fiber integral of the above singular volume form ReSi?^. (7r*(e~* • dV)) on 
Fj, i.e., 

w*dV[^ = [ ResF^.(7r*(e-* • dV)) 
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holds. By Theorem 12.281 we see that {Kp^ + G) — Ti*{Kwj + A) is nef, where 
A is the Q-divisor defined as in Theorem 12.281 We note that Kp. + G is 
Q-Unear equivalent to (1 + (3j)TT*Kx by the construction. Hence we see that 
(1 + Pj)w*Kx - {Kw, + A) is nef and 

^i{W„Kw,) ^ ^l{W„{l + l3,)w*{Kx U,)- A) (1) 

holds. 

Let e be a positive integer such that e • A is an integral divisor. Let (Te A be 
a meromorphic section of Owj (e • A) with divisor e • A. Then we may consider 
the e-th root a a of CeA as a multivalued meromorphic section of the Q-line 
bundle Ow (A) with divisor A. Let /ia be a G°°-hermitian metric on the Q-line 
bundle C'tv.(A), i.e., /ia is the e-th root of a G°°-hermitian metric on the line 
bundle (e • A). Then /ia(o'a, cta) is a single valued funtion on Wj. 

Let us recall the interpretation of the divisor A in Section 3.7. Let dVwj be 
a G°° -volume form on Wj. We note that in the above definition of the function 

we have used h^^ instead of dV~^^ . Hence we see that there exists a positive 
constant G such that 

w*dVm^ I Resf^.(^*(e-'^ ■ dV)) ^ C ■ ' f ■ dVw, (2) 

hold. 

We may assume that f3j is not an integer without loss of generality. In fact 
this can be satisfied, if we perturb eo, • • ' i ^j-i or (Jq, - ■ ■ , o'j-i ■ And passing 
to the Imit, the general case follows. This condition is to assure the inequality 
[1 -I- /3j] > 1 -t- (3j and this inequality corresponds to the condition : d > 
arriQ m 

Theorem We note that for every positive integer m, every global 

holomorphic section of mKx is bounded with respect to /i™. Then since the 
curvature current <dh is semipositive in the sense of current, applying Theorem 
12.221 (see also R.emark l2.26l for the selfcontainedness) , we have the interpolation 



^ H°{X,Ox{m{\l+(3,^)Kx)), 

where (p is the weight function defined by 

dVw, 

^'■=^''^^^^dm 

as in Theorem l2.22l By ((21, we see that 

nj*{e-'^ ■dV-^<E,hl''^ Ix,) ^ G-/ia(^ta,'Ta)-^ •n7*(dF-(^+''^) \x,) (3) 

holds. We note that A may not be effective. Hence a priori the element of 
A^{Wj,m{\l + /3j])n7*Kx, cc7*(e-(™-^)'^ • dF"™ (g> /i^^^T ), tu*dF[4']) may have 
pole along the degenerate locus (zero locus) of n7*dy[\l']. But this cannot occur 
by the existence of the extension and the birational invariance of plurigenera. 
As in the remark below, we also may reduce the proof to the case that A is 
effective. 
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Since (1 + I3j)vj* [Kx \x ) — {Kw + A) is nef (This is nothing but the main 
part of the proof of Kawamata's subadjunction theorem Theorem 1]. Then 
the proof of ^2 Theorem 1] foUows from the observation that xu^,A is effective), 
by using Theorem l2.28l noting the equahty = e"*^ • dVwj , the inequahties 

, lO and the existence of the above interpolation imply that 

nj! -Ita^^^oom-"^ dimImage{i7"(X,Ox(m(ri ^ H°{X,,OxAMn + P]^)Kx))} 

holds. Here we have used the fact that for any pseudoeffective divisors Mi, M2 
on a smooth projective variety V such that Mi — M2 is pseudoeffective, the in- 
equality: iJ,{V, Ml) ^ ^{V, M2) holds (the proof is trivial and left to the reader). 

Since every element of H^{X, Ox{'m{\l+ Pj~\ )Kx)) is bounded on X with re- 
spect to /i'"^'^"'^"'"''^^'' (cf. R,emark l2.14(l . In particular the restriction of an element 
of Ox{m{\l + l3j])Kx)) to X, is bounded with respect to /i™(ri+ftl) |^^. 

Hence by the existence of the above interpolation, we have that 

^iiW,,Kw,) ^ ^liX,,i\l + p,^)Kx,h^'+^'^) \x,) (4) 

holds. This is the only point where Theorem 12. 221 is used. 
By the trivial inequality 

i=0 

we have that 

i=0 

holds by the definition of {Kxjhy-^ ■ Xj. This is the desired inequality, since 
fij = {Kx, h)"'^ ■ Xj holds by the definition of /i^. □ 

Remark 3.11 In the above proof, the divisor A on Wj may not be effective. 
But it is clear that uj^.A is effective (cf. the proof of till Theorem 1]). If we 
replace Xj by Wj and X by the the ambient space of the embedded resolution 
w : Wj — > Xj, we may reduce the above proof to the case that Xj is already 
smooth. In this case we may assume that A is effective. 

Now we shall complete the proofs of Theorems 1.1 and 1.2. 

Suppose that Theorem 1.2 holds for every projective varieties of general type 
of dimension < n, i.e., there exist positive constants {C(k){k < n)} such that 
for every smooth projective fc-fold Y of general type 

ti{Y,Kr)^C{k) 

holds. Let X be a smooth projective variety of general type of dimension n. 
Let Uq be a nonempty open subset of X with respect to countable Zariski 
topology such that for every x G Uq there exist no subvarieties of nongeneral 
type containing x. Such a set Uq surely exists, since there exists no dominant 
family of subvarieties of nongeneral type in X . In fact if such a dominant family 
exists, then this contradicts the assumption that X is of general type. Then if 
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{x,x') e (f/o X Uo)\Ax, the stratum Xj as in Section 3.1 is of general type for 
every j by the definition of Uq. By Lemma 3.10 and the definition of C{nj), we 
see that 

C(n,)^(r(l + ^a01)"-^, (5) 

i=0 

holds for Wj. Since 

a* ^ ^ + (6) 

holds for every ^ i ^ r by Lemma 3.8, combining (5) and (6), we see that 

1 / , ^ 



i=0 

holds for every j ^ 1 . 

Using the above inequality inductively, we obtain the following lemma. 

Lemma 3.12 Suppose that /io = 1 holds. Then there exists a positive constant 
C depending only on n such that for every {x,x') € {Uq x Uo)\Ax the corre- 
sponding invariants {/io, • • • , fir} and {tii, • • • , n^} depending on {x, x') (r may 
also depend on {x,x')) satisfies the inequality : 

□ 

We note that {ni, • • • ,rtr} is a strictly decreasing sequence and this sequence 
has only finitely many possibilities. By Lemmas 3.8 and 3.11 we see that for 

I mKx I separates points on Uo- Hence | niKx \ gives a birational embedding 
of X. 

Then by Lemma 3.9, if fiQ ^ 1 holds, 
holds. Also 

dim H"{X, Ox {mKx)) ^ n + 1 + deg (^) 
holds by the semipositivity of the A-genus ( 7 ). Hence we have that if /io ^ 1, 
dimH"{X,Ox{mKx)) ^n + l + C" 

holds. 

Since C is a positive constant depending only on n, combining the above 
two inequalities, we have that there exists a positive constant C(n) depending 
only on n such that 

MO ^ Cin) 
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holds. 

More precisely we argue as follows. Let Ti, be the union of the irreducible 
components of the Hilbert scheme of projective spaces of dimension ^ n + C" 
and the degree ^ C". By the general theory of Hilbert schemes ([HI expose 221]), 
Ti. consists of finitely many irreducible components. Let Tio be the Zariski open 
subset of TL which parametrizes irreducible subvarieties. Then there exists a 
finite stratification of TLq by Zariski locally closed subsets such that on each 
stratum, there exists a simultaneous resolution of the universal family on the 
stratum. We note that the volume of the canonical bundle of the resolution is 
constant on each stratum by |^ |^. Hence there exists a positive constant 
C{n) depending only on n such that 

^i{X,Kx)^C{n) 

holds for every projective rt-fold X of general type by the degree bound as above. 
This completes the proof of Theorem 1.2. □ 



Now let us prove Theorem 1.1. Then by Lemmas 3.8 and 3.11, we see 
that there exists a positive integer Vn depending only on n such that for every 
projective n-fold X of general type, | mKx \ gives a birational embedding into 
a projective space for every m ^ Vn- This completes the proof of Theorem 1.1. 
□ 

4 The Sever i-Iitaka conjecture 

Let X be a smooth projective variety. We set 

Sev{X) := {(/, [Y]) \ f : X — > Y dominant rational map and Y is of general type}, 

where [Y] denotes the birational class of Y. By Theorem 1.1 and 18, p. 117, 
Proposition 6.5] we obtain the following theorem. 

Theorem 4.1 Sev{X) is finite. □ 

Remark 4.2 In the case of dimy = 1, Theorem 4-1 is known as Seven's 
theorem. In the case of dimY = 2, Theorem 4-1 has already been known by K. 
Maehara In the case o/dimF = 3, Theorem ^.1 has recently proved by 

T. Bandman and G. DethlofJ fH'/ □ 
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